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Abstract A new loop algebra containing four arbitrary constants is presented, and the cor-
responding computing formula of constant y in the quadratic-form identity is obtained in
this paper, which can be reduced to computing formula of constant y in the trace identity.
As application, a new Liouville integrable hierarchy which possess bi-Hamiltonian structure
and generalized Burgers hierarchy are derived.
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1 Introduction

Loop algebra A, is used to constructing isospectral problem

Ve =Uy, U, VeA, ¢= ), )
W[:VW, A =0,

whose compatibility condition exhibits a zero-curvature equation

U -V, +[U,V]=0 2)
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and the stationary zero-curvature equation

Vi=[U, V] (3)
Some hierarchies, such as ~AKNS hierarchy, KN hierarchy, BPT hierarchy [1] and so
on [4-8], are derived with A, by establishing linear isospectral problem. In the following,

we consider a general-form Lie algebra.
Set V; to be an s-dimensional linear space with base e, e, ..., e, and let

s
a=Y aie;=(a,a,....a)",
i=1
s
b= biej=(b.by.....b)"
i=1
be two elements of V; and define a commutation operation as

la.b1= ) aibjlee]=) cies=c=(cr.co...ic)’ @)
i=l

i,j=1

It is easy to verify that V; along with (4) becomes a Lie algebra.
A corresponding loop algebra V; is presented with base and commutation operation re-
spectively as follows

ei(m)y=e;A",  [ej(m),e;(n)] =[e;, e;]\""",

Lj=1,2,...,5, myn=0,£1,£2,.... )
The linear isospectral problem which is constructed by ‘7S can be taken as

{wx=[U, vl, U, V,¢y eV, ©)

vi=[V.¥], A =0,
from which, the zero curvature equations (2) and (3) are easy to be derived, and we should
define rank(U) and rank(V) and let the two arbitrary solutions V; and V, of (3) with the
same rank have a linear relation
Vi=yV,, vy =const. (@)
Fora,b e VS, s-order matrix R(b) is determined by
la, b)" =a" R(b) ®)
and constant matrix F' = (fj;)sxs, is determined by
F=F", RMb)F=—(RDb)F)". ©)

We introduce quadratic-form identity functional

{a,by=a"Fb, a,beV, (10)
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and consider functional
W={V,Ui} +{A, V. —[U, V]},
U, V,AeV, (11)

which has the following variation constraint conditions

VAW =V, —-[U,V]=0, (12)
VyW =U, — A, +1[U,A]=0. (13)
Then, we obtain
[A,V]—VA:%V, Y = const. (14)
Suppose the above conditions hold, the following formula holds:
(;Zi{V,UA}:A_Va%(AV{V, gf{]l }) 1<i<l, (15)

where y is a constant to be determined. We call (15) the quadratic-form identity. It is worth-
while to mention that constant y of (14) is the same as that of (15). In order to further discuss
matrix R(b) presented in the expression (9), we obtain the following results:

Definition Set V; to be an s-dimensional linear space, and M, a set of s x s matrices. Let
R be a linear operator from V; to M and satisfy

R(RT (b)a) =[R(a), R(b)] = R(a)R(b) — R(b)R(a) Va,beV,, (16)

then R is called a commuting operator on V. All the commutators on V; constitute a set
denoted by K (V,, M,).

V is a Lie algebra with the commuting operation [a, b] if and only if there exists
R € K(V;, M), so that

la,b]" =a” R(b). (17
Let
b= (b, by, b3)",
by + by Biba+ Bobs yiba+ yabs (18)
R(D)=| —oub1 +a3bs —Bib1+ Bsbs —yibi +ys3bs |,

—ayby —o3by  —poby — B3by  —yaby — y3bs
then R € K(V3, M3) if and only if
aryr —arya = P1ys — Bvis
a1 —a1By = B3ya — Bays, (19)

azf1 —a1B3 =y — a3y,

where «;, B;, yi are constants, i, j,k=1,2,3.
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Consider
Clbz —C2b3 C3b2
R*(b) = —C1b1 - C4b3 0 —C3b1 + C1b3 . (20)
C4b2 C2b1 _Cle

where ¢y, ¢;, ¢3, ¢4 = const., c% 4+ c3¢4 # 0.

It is easy to verify that R* satisfies (19) and R* € K (V3, M3). Furthermore, the com-
muting operation of R* is concise so that it is easy to be applied. The new loop algebra
engendered by R*, is denoted by ‘73*. And taking

—003 0 cic2
F= 0 c+cae 0|, (21)
16 0 ¢y

we are easy to obtain the following results
F=FT, R*(D)F = —(R*(b)F)T (22)
and the quadratic-form functional

{a,b}=a" Fb = —cyc3a1by + cic2a3by + cic2a1by + cacaashy + (¢} + czca)anbs,

a,beVy. (23)

2 Computing Formula of Constant y
In this section, in terms of loop algebra Vi, which brought from R*(b) (20), we obtain the

corresponding computing formula of y in the quadratic-form identity (15). Since constant y
in (15) is the same as that in (14), we start from (14) to solve it. For

1
U=eo)+ Y eiMui,  feo(h), ei(h), 1<i <1} C Ay,
i=1
we should define the proper rank number denoted by rank(A) and rank(u;) so that

rank(ep(A)) =rank(e; Mu;)) =a (1 <i <)

and simultaneously we call U the same rank, i.e. rank numbers of U is «, denoted by
d
rank(U) = rank )= o = const. (24)
X

Suppose that solution of (3) is given by

_ U V2 _ —m _
V_(v3 _v1>, ve=Y vewmh " k=1,2,3

m=>0

and rank (v ) is defined so that

rank(vg , A7) =& =const., k=1,2,3, m>0,
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then V is called the same rank, denoted by
d
rank (V') = rank o =E£. (25)

Lemma 1 Suppose that conditions (24, 25, 7) and (12) hold, and

vy
V=|wuvn]|e ‘73*, Vi = Z Uk.m)\,im,
U3 m=>0 (26)
G(V) = —cae307 + 2¢10201v3 + €2c4v3 + (€] + c3¢4)03,

then the following equation holds
2y
GV + TG(V) =0, (27)
where constant y in (27) is the same as that in (15).
Proof From the conditions of Lemma 1, we are easy to test that (14) holds and unknown

vector A (€ \73*) exists, denoted by A = (171, 72.173)7. Turning (14) into equation systems,
we read

c1vam — (€11 + cav3)mn + cavan =U1/\+%U1, (28)
—Cu3n1 + V13 = Uy + %Uz, (29)
0302771+(01U3—C3U|)7)2—C|U2U3=v3/\+%v3- (30)
Let
(c1v3 — c3v1) X (28) + (c1v1 + cav3) x (30),
then
v (2 _ 1 2 2 Y 2 2
2 () +c3cy)(v3n —vinz) = 2(201011)3 +c4v3 —c3v))+ A(2€1U1U3 +cqvy—c3vp). (31)
Also let
—vy(c] + c3c4) % (29),
then

14
cava(ct + c3¢a) (Vamy — vin3) = —va (e + czcq) (sz + xv2>~ (32)

Comparing (31) with (32), we are easy to get the following results: (14) is solvable with
respect to A if and only if

1 14
5(201111113 + C4U§ - C3U12)A + x(2C1U1U3 + cw_% — C3U]2)

Y
—v2(ct + c3¢4) (sz + KW)
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that is
2
GV + TyG(V) —0. 0

Remark 1 1If G(V) of Lemma 1 is taken as

G(V)=> gnt™, (33)
m=>0
then
gm =const., m > 0.

We are easy to obtain (G(V)), = 0 by turning [U, V] = V, into equation systems and using
of transformation which is the same as that in the proof of the lemma. Hence, g,,, = 0,
gm = const.

Theorem 1 Suppose that conditions (24, 25, 7) and (12), then computing formula of con-
stant y in the quadratic-form identity is obtained as follows

Ad
y==52mIGMI (GV)#£0). (34)

Proof Itis easy to see that G(V) is a unitary function with respect to A and independent of x.
Also from Lemma 1, we know that (41) is convergence, that is G(V) = gg},)Czy, therefore

A d
y=-5 G| (GV)#0). 35)
O

Remark 2 Theorem 1 is the main result in this paper, where G(V) is the quadratic-
expression of V. It is not difficulty to find the highest power A7 in the G(V) so that

mo

Y=

3 Application

Taking the following linear isospectral problem

Ve=[U,¥], UV, yeV,
{w, =Vl A =0, (36)
where
UZ(L],”—)L,S)T: V:(vl»v27v3)T7 vk:ka,m)\_m7
m=>0
d
rank(A) = rank(q) = rank(r) = rank(d) = rank(E) =1. 37
Solving
Ve=[U,VI=U"R* (V) =(R*(V))'U, (38)
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1823
we give rise to
V2, mx = —qC2V3 + SC2V1,m»
C1U,m+1 + C4V3 41 = VUl mx qcivm + rcivim + FCaVU3 ;y — SC4V2 s (39)
ClU3 41 — C3Vm41 = —V3my + GC3V2 +1C1U3,m — FC3V 1 — SC1V2m,
wo=p8, vio=v30=0, v;=0, v =-Bq, vz =—Ps,
and
rank(vg ) =m (k=1,2,3,m>0),
d (40)
rank(V) =rank| — ) =0.
dt
For arbitrary natural number n, denoting
n Ul,m
V=" v |2 V=2tV — v,
m=0 \ V3

then (38) can be written as

—v® 4+, v =v® —u, v,

41)
the terms on the left-hand side of (41) are of degree > 0, while the terms on the right-hand
side of (41) are of degree < 0. Therefore,

1 Uln+1 0
—VR 10, v == 0], | vanni ClVn+1 F C4V3 1
0 V3 n+1

C3V1n41 — C1U3041)
Denoting V® = V" + A, A, = (0,6,,0)7 1", the following zero-curvature equation

U —V?+[U,v?”1=0 42)
gives the new Lax integrable system

Gin = C1V1ny1 + C4V3 041 — qC118, — 5C46y,
It :Snx’

(43)
S; = —ClV3 441 + C3V uy1 — €36, + 518,

Case 1 Taking s =0, §, = 2t ‘q;c‘”““ , hierarchy (43) was reduced to

c% + c3c4
gin = ———— V2 n+l1x>
qc203 (44)
<C3U1,n+1 - C1U3.n+1>
rtn = - [}
qcs x

C%+C}L‘4v
_<q) _ qeacs 2,n+1x
Uu; =
r
tn

( C3V1,n+1—C1V3,n+1 )
x
qc3

0 ﬁa C2(C1V3 41 = C3VLa41) | 7 €2(C1V3 41 — €301 041) 45)
3@ 0 (¢} + c3¢4) V241 ’

2
(ci + c3¢a)v2 41
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Substituting v, o = B = const. # 0, v2 9 = v;,0 = 0 into (26), we have
G(V) = (c] +c3e) B
and

y =0. (46)

By making use of (15, 23) and (46), a direct calculation gives

, 3. AU
. —(Cl'i‘03€4)vz=a—)L V,g s UL=q,ur=r,
2 0 (cr(civ c3v )
30 ) — (2 = 2 (Vi = sV 47
(%) (e eseavy E) ( (c} + e3ca)vanm > “n

Comparing the coefficient of A~"~! in (47) leads to

i—(02+CzC4)v2 =—n <02(01U3n+1 — C3vy, n+1))
1 3 n+l —

Su (€ + c3¢)Va i1
That is
(€131 — €301011) | _ 3H,
(¢} + c3¢4) V2041 Su’
where
c? + ¢3¢
Hy=""2%0, 01 (1>1,0#0, i +c3cs #0). (48)
n

Therefore, (45) can be written as

0H,
Mz:<q> =J s +l. (4’9)
' u

From (39), an operator L meets

€2(C1V3 n11 — C3V1a11) | _ L ca(c1v3,, — C3V1,,)
2 = 2
(ci + c3¢4)V2 41 (ci +cze)van )7

where
_ 1 ( (] +escar gercy+ 01 ) 50)
2+ eseq \(cf +e3¢0)d7'gd  —(cf +e3¢4)07'rd
We observe that
JL=L*J. (51
Hence, (45) can be written again as
8H,
", = <‘1> =g g <Czc3’3q> (n>0). (52)
r . 5u O
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From (51), it is not difficulty to verify that Hamiltonian functions H; (I > 1) in (52) are
involutive each other and each H; (I > 1) is the common conserved density of (52). There-
fore, the hierarchy (52) is a Liouville integrable hierarchy. Furthermore, hierarchy (54) was
reduced to Burgers hierarchy [2] when taking ¢; =0, ¢c; = ¢3 = ¢4 = 1. Hence, (52) is a
new integrable hierarchy, we call it generalized Burgers hierarchy. Especially, when n = 2,
hierarchy (52) was reduced

-
qr = —ﬂ(rqx + (gr)x — qqﬂ — —’C),

q
2 1 2, Y9xx Iy
g=—B\r—sa+—+—).
2 q9 49/,
Let g =1, B = —1, we obtained well-known equations

T =Tyx +2rry.
Case 2 Taking r =0, §, = 0, hierarchy (43) was reduced to

Gin = C1V1 41 + C4V3 41, (53)
Stn = —C1U3 41 + C3V1 nt1s

uo= (1 _ [ C1Vin41 T CaV3 04
' S ) n —C1V3,p41 F C3V1 g1
_(© é 2(C1V31 = €3VLar1) | _ [ €2(C1V3m41 — C3V1Ln11) (54)
—é 0 €2(C4V3 041 + C1VULA41) c2(C4V3 pq1 +C1V1p41) )
Substituting v, g = B = const. # 0, vy o = v;,9 = 0 into (26), we have
G(V) = (c] +c3c) B’
and

y =0. (55)
By making use of (15, 23) and (55), a direct calculation gives

@+ o d oUu
— (¢] + ¢3¢ =—1V,— 1L, ui=q,ur=r,
Su; 1 3C4)V2 ET o, 1=4¢g,Us
5
57 9 (cyciv — 3V )
8q ) _ C2 430Uy = — 20C1V3,n+1 3VLn+1 ) 56
(55—;) (cr + esca)vr Ax \ c2(cav3 041 + €1V1041) (56)

Comparing the coefficient of A™"~! in (56) leads to

3 c2(crv —c3v
= — (4 3 Vans = -1 2(C1V3,041 = C3V1n41)

€2(€aV3 041 + C1V1nt1)

That is

Su’

c2(C1V3 n41 — C3V1n41) ) O Hn
c2(cav3 s + €1V 041)
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where

c% + c3cy

ncy

H, Vanpt (n>1,62#0,¢] +c3cq #£0). (57)

Therefore, (54) can be written as

SH,
u,=<q> — gt (58)
1

N Su

From (39), an operator L meets

C1U3 p+1 — C3V n+1 =L ClV3,;, — C3V1
- 9
C4V3 11 + €1Vt C4V3 , + C1Uy,
where
1
N c? + c3c
1 3C4

—c10 — ca(ges —se)d™(ger +s¢4)  —c30 — ea(gez — se)d ' (ges — sey)
—c40 4 ca(ger +5c)07 (o1 +sca) 10+ ca(ger +5c4)d7 (ges —ser) )

(59)
We observe that
JL=L"J. (60)
Hence, (54) can be written again as
q 81—1’1"’1 n ,3(0361 - CIS)
“ <V)[ Su <—ﬂ(clq+04s) (n=0) ©61)

From (60), it is not difficulty to verify that Hamiltonian functions H; (/ > 1) in (61)
are involutive each other and each H; (I > 1) is the common conserved density of (61).
Therefore, the hierarchy (61) is a Liouville integrable hierarchy. When taking ¢; =0,c—2 =
—1, ¢3 = ¢4 = 1. Furthermore, hierarchy (61) can be reads

q §H, §H,_;
U; = =J =JK ,
rj, Su Su

(0 -1 . qd's qd'g—29
j_<1 O)’ L_<s3_ls—8 s07!g ’ 62)

59 1s - 507 g
k=JL= ( —qd7's  —qd7 g+ 8) ’

K, J are Hamiltonian operator, «J + y K (¢, y are constants) is also Hamiltonian operator,
so hierarchy (62) has bi-Hamiltonian structure.
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